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Abstract
We show how to construct infinite families of explicitly determined cu-
bic number fields whose class group has a subgroup isomorphic to (Z/2)8
using degree 1 del Pezzo surfaces. We illustrate the method and provide an
example of such a family.
1 Introduction
The task of finding number fields with exotic class groups is an old problem, re-
ceiving attention as far back as 1922. In that year, Nagell proved that there are
infinitely many quadratic number fields whose class groups have a subgroup iso-
morphic to (Z/n) [Nag22]. The special case of class groups of quadratic number
fields has been an active research topic since then [AC55, Hon68, Yam70, Wei73].
Class groups for non-quadratic number fields have also been considered [Nak86],
including a construction for cubic number fields whose class groups have 2-rank
at least 6 [Nak86]. A modern trend is to establish quantitative estimates for the
number of number fields of a fixed degree and bounded discriminant whose class
group has a special subgroup [Mur99, BL05]. Number fields of degree indivisi-
ble by p whose class group has a subgroup isomorphic to (Z/p)r for r > 2 are
difficult to exhibit in practice; even though it is conjectured by Cohen and Lenstra
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that these number fields have positive density (when ordered by discriminant with
respect to the usual density) [CL84].
A relatively recent idea to construct infinite families of such number fields (of
degree d) is to construct an algebraic d-gonal curve whose Picard group is rigged
to have either µrp or (Z/p)r as a subgroup (depending on the method) and then
to choose fibres over points satisfying certain local conditions. See for example
[GL12], [Mes83]. The examples with the best yield of class group p-rank from
Picard group p-rank have been curves fibred over P1Q with a totally ramified fibre.
We explicitly construct an infinite family of cubic number fields and prove in
Corollary 3.10 that the class group of “most” members of this family has 2-rank
at least 8. To do this, we use a connection between degree 1 del Pezzo surfaces
and trigonal genus 4 curves outlined in Section 2 which allows us good control
over both the 2-torsion in the Jacobian and the ramification of the trigonal map.
Finally, in Section 4 we make some remarks on the 2-rank bounds produced by
this method for families of Galois cubic number fields.
Acknowledgements. I would like to thank Nils Bruin for his guidance in writing
this article. I would also like to thank the anonymous referee for numerous helpful
suggestions.
2 Del Pezzo surfaces, elliptic surfaces, and curves of
genus 4
For a field k of characteristic 0, we denote an algebraic closure of k by kal. For a
finitely generated abelian group M , we denote the rank as a Z-module by rkM .
Additionally, we denote the 2-torsion of M by M [2] and denote rk2M [2] to be
the rank of M [2] as a (Z/2)-module. Following [Zar08], we say a collection of
8 distinct points of P2 are in general position if no three are co-linear, no six lie
on a conic, and any cubic passing through all of these points is non-singular at
each of these points. If X is a smooth variety defined over a field k then we
denote the class of the canonical divisor by κX and call −κX the anti-canonical
class. By abuse of notation we will often denote a canonical divisor of X by κX .
If X is a variety defined over k and Z is a positive codimension subvariety of
X defined over k then we denote the blow-up of X at Z by BlZX . We call the
canonically determined birational map from X to BlZX the blow-up (at Z) map
and the canonically determined morphism from BlZX to X the blow-down.
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We state some facts regarding the connection between del Pezzo surfaces and
certain genus 4 curves. A del Pezzo surface of degree 1 is a complete smooth
surface which is isomorphic over an algebraically closed field to the blow up of
P2 at 8 points in general position.
For a degree 1 del Pezzo surface X , the Riemann-Roch space L(−3κX) gives
a natural description ofX as a sextic hypersurface in the weighted projective space
P(1 : 1 : 2 : 3). If the characteristic of k is not equal to 2 then we can write
X : z2 = c0w
3 + c2(x, y)w
2 + c4(x, y)w + c6(x, y)
with each cm homogeneous in x, y of degree m and c0 6= 0. Every degree 1 del
Pezzo surface admits an involution called the Bertini involution. On the model
above this corresponds to the natural map (x : y : w : z) 7→ (x : y : w : −z). The
linear system |−2κX | has a single base point and on the model above this is the
point (0 : 0 : c0 : c20). From the model above, we see that the fixed locus of the
Bertini involution is the union of the point (0 : 0 : c0 : c20) and the subvariety of
X where z vanishes. The vanishing locus of z has dimension 1.
We rely on a classical result connecting the arithmetic of a del Pezzo to the
curve fixed by the Bertini involution. We refer the reader to [Zar08, Section 2.2,
Lemma 2.4, Lemma 2.7, Lemma 4.2] or [Vak01, Theorem 4.4] for the proof.
Proposition 2.1 ([Zar08], [Vak01]). Let X be a del Pezzo surface of degree 1
defined over a characteristic 0 field k and let ι : X → X be the Bertini involution
and let C be the irreducible 1-dimensional subvariety of the fixed locus of ι. Let
O be the base point of the linear system |−2κX |.
(a) The blow-up E of X at O is an elliptic surface over P1 with identity section
corresponding to the exceptional curve over O. Write f : E → P1.
(b) We have that C is a smooth non-hyperelliptic irreducible curve of genus 4.
The strict transform of C in E is the multi-section E [2]\ idE . Moreover, the
restriction of f to C is a morphism of degree 3.
(c) Denote by X¯ the base-change of X to kal. Each exceptional curve on X¯
corresponds to a unique class in Pic X¯ . Moreover, Pic X¯ is generated by
the exceptional curves on X . Furthermore, Pic X¯ is generated by a set of 8
pairwise orthogonal exceptional curves and the canonical class.
(d) Every exceptional curve on X¯ restricts to an odd theta characteristic ofC and
the anti-canonical divisor of X restricts to an even theta characteristic of C.
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(e) rk Pic(X)(Q)− 1 ≤ rk2 JC [2](Q)
Corollary 2.2. Let X be a degree 1 del Pezzo surface defined over a number field
k and let f : C → P1k be the degree 3 morphism from Proposition 2.1(b). Then
the ramification of f over p ∈ P1k is classified by the reduction type of the fibre Ep.
In particular, if one of the special fibres of E has additive reduction then f has a
totally ramified fibre.
Proof. Since f is defined over a number field and deg f = 3 we can determine
the set of ramification indices of points in the fibre over p by counting the number
of kal-points on a smooth model of C. We can also determine the reduction type
of Ep by counting the number of kal-points in (E [2]\ idE)p. Since C is isomorphic
to E [2]\ idE as a subvariety of E over P1k and C is smooth, these two quantities are
equal for every p ∈ P1(kal).
The advantage of using curves arising from del Pezzo surfaces is the fact that
rk Pic(X)(Q), and hence rk2 JC [2](Q), is easy to control. To be specific, if X
is the blow up of eight (rational) points on P2 in general position then Pic(X)
is generated by the (rational) exceptional curves of the blowup and the canonical
divisor. In light of Proposition 2.1, this allows us to build trigonal genus 4 curves
with large rational 2-torsion rank. Among these curves, we can easily identify
those whose trigonal morphism has a totally ramified fibre.
Corollary 2.3. Let X be a del Pezzo surface such that rk Pic(X)(Q) = 9 and let
C be the branch curve of the Bertini involution with trigonal morphism f : C →
P1. Write X := BlZP2 where Z is a collection of 8 rational points in general po-
sition. Then there is a one-to-one correspondence between totally ramified points
of f and cuspidal cubic plane curves through Z.
Proof. Let Y be a cuspidal cubic passing through Z, let u be a cubic form defining
Y , and let P ∈ Y be the cusp. Note the criterion that Z be in general position
forces P 6∈ Z (points of Z being in general position, there is no cubic passing
through the points of Z with a singularity at one of them).
The eight points ofZ determine a pencil of cubic forms {λu+ µv : (µ : λ) ∈ P1}.
Such a pencil has a base locus which consists of 9 points, these being the points
of Z as well as an additional point O. Intersection multiplicities ensure that O is
not a cusp or node of any of the curves in the pencil.
It follows that the rational map g(x, y, z) 7→ (u(x, y, z) : v(x, y, z)) is defined
outside of Z ∪O, so by the universal property of blowing up there is a morphism
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f such that the diagram
BlZ∪OP2
f

φ
zz
P2 g // P1
commutes, where φ is the morphism which is the inverse (as a birational map) to
the blow-up map. We have that E := BlZ∪OP2 is an elliptic surface over P1 whose
identity section is the exceptional curve lying over O. Because Y is precisely
the closure of the locus {Q ∈ P2 : g(Q) = (0 : 1)}, the strict transform of Y is
in fact a fibre of f . Since P 6∈ Z ∪ O we have that the strict transform of Y
remains singular (with a cusp) in E . Thus the fibre over (0 : 1) is a special fibre
of f : E → P1. We see that E has additive reduction at (0 : 1), so by Corollary 2.2
corresponds to a totally ramified point of f : C → P1.
Conversely, if Q is a totally ramified point of f : C → P1 then Corollary 2.2
shows it is the cusp of a special fibre Ep whose reduction type is additive. In
particular Q does not lie on φ−1(Z ∪ O) so the blow-down of Ep is a cuspidal
plane curve. That it is cubic follows from the fact that every fibre of E blows
down to a cubic curve.
We present here for the convenience of the reader the procedure given in
[Zar08] to get explicit equations for the branch curve. Note that in our exam-
ple P2 and the del Pezzo surface X are birational overQ, so we may identify their
function fields. We have that κX = E1 + . . . + E8 − 3H is a canonical divisor
for X , where H is the pullback of the hyperplane class on P2 and the Ei are the
8 pairwise orthogonal exceptional curves lying over the blown up points of P2.
Thus,
L(−κX) = 〈u, v〉
where u, v ∈ Q[x, y, z] are cubic forms passing through the 8 base-points of the
blow-up. Similarly, we have
L(−2κX) = 〈u2, uv, v2, w〉
with w a function on X not in the k-span of {u2, uv, v2}. We have that L(−2κX)
defines a 2-to-1 rational map ϕ : P2 → P(1 : 1 : 2) via
ϕ : (x : y : z) 7→ (u(x, y, z) : v(x, y, z) : w(x, y, z))
with a unique base-point that is O. In fact, if
X : z2 = c0w
3 + c2(u, v)w
2 + c4(u, v)w + c6(u, v)
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is the model of X in P(1 : 1 : 2 : 3) provided by L(−3κX) and pi : X → P(1 : 1 :
2) is the natural projection, then pi and ϕ agree onX\ {O}. Since pi, and therefore
ϕ, is branched along C we can recover a model of the branch curve from a Jacobi
criterion. That is,
C = V (F ) ⊆ P2 where F := det
ux vx wxuy vy wy
uz vz wz
 .
In general we have that C is a degree 9 plane curve with order 3 singularities at
each of the eight base-points of the blow up (See [Zar08, Section 5]).
Remark 2.4. Another way to see the eight base-points of the blowup correspond
to singular points of the model is as follows. Let P1, . . . , P8 be the base-points
of the blow up and let E1, . . . , E8 be the corresponding exceptional curves lying
over these points. For clarity, we denote by C the model of the branch curve on
P2 and denote by C ′ the model of the branch curve on X . The strict transform
of the blow up of C at the 8 base-points is C ′. Each exceptional curve Ei of X
corresponds to a class of PicX that restricts to an odd theta characteristic on C ′
(by Proposition 2.1). As a divisor, Ei is effective, so it will restrict to an effective
(degree 3) divisor of C ′. However, each Ei intersects C ′ in three points (counting
multiplicity) which lie over a single point Pi of C. We see that C has a singularity
of order 3 at Pi.
In other words, once we have computed a model of the branch curve on P2 we
can immediately identify effective representatives of 8 odd theta characteristics of
C ′. Additionally, the anti-canonical divisor of X provides us with an even theta
characteristic of C by Proposition 2.1.
Example 2.5. Let X be the del Pezzo surface defined by blowing up P2 at the
points
(0 : −2 : 1), (3 : −9 : 1), (3 : 7 : 1), (8 : 26 : 1),
(15 : 63 : 1), (24 : 124 : 1), (48 : 342 : 1), (0 : 0 : 1).
We choose u, v ∈ Q[x, y, z] to be two independent cubic forms vanishing at all 8
points. For convenience, we choose u to be the form (x+ z)3− (y+ z)2z. We let
w be a sextic form with double roots at each of the points listed above; we further
require that w is not in the span of {u2, uv, v2}. Note that L(−2κX) is spanned by
u2, uv, v2, w. In our computations in [Kul16] we also make explicit choices for v
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and w, but it is not particularly helpful to highlight them. Thus the zero-locus of
F := det
ux vx wxuy vy wy
uz vz wz

is a (singular) model of the branch curve of X . With ϕ(x, y, z) := (u : v : w)
as before, we let t := u/v and W := w. Using the MAGMA [BCP97] computer
algebra package we can compute the image of C under ϕ and write the defining
equation in terms of t,W . We have that
C : 0 = 23200074887895098984232713028 t6 − 2457892462046662336694429 t5+
1338378986926042827721/16 t4 − 9000960055643209/8 t3+
158059424789/16 t2 + 11025 t
+W (24403582287284966245 t4 − 13786310912398097/8 t3+
234505995159/8 t2 − 316801/4 t)
+W 2(136902207241/16 t2 − 1208223/4 t)
+W 3
is an affine model for the branch curve of X . The morphism induced by the
projection (t,W ) 7→ t is the degree 3 morphism f : C → P1k from Proposition
2.1(b). Our choice of u, via Corollary 2.3, ensures that there is a totally ramified
fibre at t = 0. We may view the fibres of f as effective degree 3 divisors of C. By
the discussion above and Proposition 2.1(d), we see that the divisor class of the
fibre at t = 0 (and hence any fibre of f ) is an even theta characteristic. We use the
representatives of the theta characteristics to compute data presented in Example
3.5.
3 Recovering large class groups from curves with
large rational 2-torsion
We fix some notation to be used for the remainder of this section. Using the
procedure in the previous section we may choose a trigonal morphism f : C → P1Q
with C a genus 4 curve such that rk2 JC [2](Q) = 8 and let P0 be a rational totally
ramified point of f . Denote p0 := f(P0). Let S be the places of bad reduction for
C/Q as well as the archimedean places and places dividing 2.
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Conveniently, the Abel-Jacobi map with base-point P0 provides an embedding
of C into its Jacobian. This map, which we denote by j, is defined over Q and is
given by j(Q) := [Q− P0]. In particular, j(P0) is the identity point of JC .
Corollary 2.11 of [GL12] already allows us to conclude for these curves that
for all but O(
√
N) of the t in {1, . . . , N} that [Q(Pt) : Q] = 3 and
rk2 Cl(Q(Pt)) ≥ 8 + #S − rkO∗Q(Pt),S
where Pt := f−1(t), S is the set of bad primes forC together with the archimedean
primes and those dividing 2, and O∗Q(Pt),S is the group of S-units in the number
field Q(Pt). By applying the ideas of [Mes83] to the curves arising from our
construction it is possible to avoid the penalty on the bound introduced by S-
units. The overarching idea of the method we use is to directly exhibit a subfield
of the Hilbert class field of Q(P ), where [Q(P ) : Q] = 3 and f(P ) ∈ P1(Q),
for P ∈ C(Qal) which lie in fibres that satisfy a local condition at finitely many
places, thereby demonstrating that the class groups of the fields associated to these
fibres have large 2-rank. Bilu and Gillibert have provided a generalized descrip-
tion of this framework in [BG16]. Nevertheless, we provide proofs as our compu-
tations closely mirror the arguments.
The main idea introduced by [Mes83] is to use the fact that the fibres of
the multiplication-by-2 morphism of the Jacobian of a curve C are precisely de-
scribed. Specifically:
Lemma 3.1. Let K be a number field, let SpecK ∈ JC(K) be a closed point of
degree [K : Q] on JC and let SpecL be its inverse image under [2] : JC → JC .
If JC [2](Q) ∼= (Z/2)2g, then L/K is Galois with Galois group (Z/2)2g and there
is a fixed finite set of places S of K, independent of L, such that L/K unramified
outside of S.
In fact, we can say even more; the ramification at the bad places is explicitly
described by the descent method (as we explain below).
Proposition 3.2 ([HS00, Proposition C.1.5]). Let k be a number field and S˜ be the
finite set of places of k of bad reduction for C, as well as primes dividing 2. Then
for any y ∈ JC(kal) such that [2]y ∈ JC(k) we have that k(y)/k is unramified
outside of S˜.
We now explain the computations involved at the bad places. Let A := JC be
the Jacobian of a curve of genus g and recall that there is a pairing
〈·, ·〉 : A(k)
2
× A[2](k)→ k∗/k∗2
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induced from the Weil pairing [Sch98, Section 2.2]. This pairing is explicitly
computable given representatives for a basis T1, . . . , T2g of A[2] as follows. As
each Ti is 2-torsion we have that there is a rational function hi such that div hi =
2Ti. For [D] =
[∑
P∈C(kal) nPP
]
∈ A(k)/2, where nP is zero for points of C
which occur in the support of Ti (i.e the zeros and poles of hi) we can define〈 ∑
P∈C(kal)
nPP
 , [Ti]〉 := ∏
P∈C(kal)
hi(P )
nP .
Note that while the value of each hi(P ) lies in kal the product lies in k∗ for any
[D] ∈ Pic0(C)(k). We also note that every divisor class [D] has a representative
of the form
∑
P∈C(kal) nPP where nP is zero for points of C which occur in the
support of Ti [HS00, Lemma A.2.3.1]. The value of
∏
P∈C(kal) hi(P )
nP depends
on the chosen representatives for the 2-torsion and the representative of [D] in
A(k)/2. However, the square class of this value is independent of these choices
so the pairing is well defined [Sch98, Lemma 2.1].
We are ready to state the well-known companion result to Proposition 3.2 for
the bad places. We provide a proof lacking an immediate reference.
Proposition 3.3. Let C be a curve of genus g defined overQ with rk2 JC(Q)[2] =
2g. Let k be a number field, let A := JC , let {T1, . . . , T2g} be a basis for A[2](Q),
and let h1, . . . , h2g be the maps hi : A(k)/2 → k∗/k∗2 defined from the Kummer
pairing. Let x ∈ A(k) and choose y ∈ A(kal) such that [2]y = x. Then k(y)/k is
unramified if both of the following hold:
(a) ordν hi(x) ≡ 0 (mod 2) for each i and each finite place ν of k.
(b) Each hi(x) has a positive representative modulo k∗2 at all real places.
Proof. Let S be the set of places of Q of bad reduction for C together with the
archimedean places and places dividing 2, and let S˜ be the set of places of k over
places in S. Proposition 3.2 shows that it suffices to consider only those places
contained in S˜. Let ν ∈ S˜ be a finite place and let σ ∈ Iν be an element in
the inertia subgroup of Gal(kal/k). Then we need to show that [σy − y] = [0].
Observe that by definition of y we have [σy − y] ∈ A[2]. Now
〈[σy − y], Ti〉 = hi(y)
σ
hi(y)
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Note again since [2]y = x that hi(y)2 = hi(x) (mod k∗2). Thus ordν hi(y) ∈ Z
so the inertia group acts trivially on hi(y). In particular each 〈[σy − y], Ti〉 is
trivial.
For archimedean places ν of S˜, we have that the inertia group Iν is trivial if
ν a complex place. If ν is a real place then we have assumed each hi(x) has a
positive representative at ν, so
〈[σy − y], Ti〉 = hi(y)
σ
hi(y)
is always trivial for σ ∈ Iν . Since the Kummer pairing has trivial left kernel we
see that Iν acts trivially.
In what follows we devote ourselves to ensuring the conditions of Proposition
3.3 are met. We will need to apply Proposition 3.3 to points on C defined over
different cubic number fields. As these number fields vary, so too does the set
of places S˜ extending the places of Q of bad reduction. We will use the totally
ramified point of f : C → P1 to accommodate for this variation.
Fix a basis T1, . . . , T8 for JC [2] and rational functions h1, . . . , h8 correspond-
ing to the Kummer pairing. We note that once we find divisors representing
T1, . . . , T8, we can write down each hi explicitly, and up to changing the divi-
sors representing the Ti we can assume that each hi is regular at P0.
At this point it is helpful to let t ∈ k(C) be the function field element corre-
sponding to f . Note that if C is the curve from Example 2.5 then this assignment
agrees with the assignment of t from that example. Let α be a uniformizing ele-
ment for OC,P0 . Then the image of P 7→ (t(P ), α(P )) is an affine plane model of
C which is non-singular at P0. For convenience we will denote
‖(x1, y1)− (x2, y2)‖w := max {|x1 − x2|w , |y1 − y2|w}
for a place w of a number field K and points (x1, y1), (x2, y2) ∈ A2(K).
Lemma 3.4. Let ν ∈ S be a finite place. Then there is a constant `ν depending
only on f , ν, P0, a uniformizer α ∈ OC,P0 , and the associated affine model of C
such that the following statement holds:
If q ∈ P1(Q) satisfies |q − p0|ν < `ν , then |hi([Q− P0])− 1|w < 1 for every
Q ∈ f−1(q)(Qal), for every i ∈ {1, . . . , 8}, and for each w a place of Q(Q)
extending ν. In particular, if w is a real place, then hi([Q− P0]) is positive.
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Proof. As each hi is a rational function on C with coefficients in Q and regular at
P0, we see that there is a constant λ depending only on the affine plane model of
C such that for any place w of a number field K/Q we have that
Q ∈ C(K) ∩ A2(K) and ‖Q− P0‖w < λ =⇒ |hi([Q− P ])− 1|w < 1
for each 1 ≤ i ≤ 8. One way to see this is to write hi ∈ OC,P0 as a power series
in α.
Let ν ∈ S and let
Caff : 0 = W
3 + a(t)W 2 + b(t)W + c(t)
be the affine plane model which is the image of P 7→ (t(P ), α(P )), where we
may assume that P0 maps to the origin and t(P0) = 0. Since the fibre over t(P0)
contains a unique point and P0 is a non-singular point of the model we may rewrite
our model as
Caff : 0 = W
3 + ta(t)W 2 + tb(t)W + tc(t)
with a(t), b(t), c(t) regular at P0. By taking |t1|ν less than λ and sufficiently small
in terms of the coefficients of a(t), b(t), c(t) we see that the slopes of the Newton
polygon of
0 = W 3 + t1a(t1)W
2 + t1b(t1)W + t1c(t1)
will all be at least −1
3
logp λ. In particular, all of the roots have ‖βi‖w < λ for
every place w of Q(Q) lying above ν. So each ‖(t1, βi) − (0, 0)‖w < λ and we
are done.
Example 3.5. We provide a MAGMA script, available at [Kul16], which shows
how to explicitly compute an appropriate `ν to apply Lemma 3.4 to Example 2.5.
Note that the defining equation for Caff has integral coefficients up to powers of 2.
In characteristic greater than 5, the branch curve of any degree 1 del Pezzo
surface is smooth (cf. the proof of [Vak01, Proposition 3.2]). Thus, any prime p
for which the reductions of the 8 base points (considered as points of P2Fp) remain
in general position is a prime of good reduction for C. Using MAGMA we can
compute that the primes of bad reduction for C are contained in
S ′ := {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 59, 61, 71,
83, 103, 107, 179, 223, 241, 389, 449, 599, 809, 1019}.
At each prime p which is not 2 or 3, we can use MAGMA to compute a regular
model for the curve at p. More specifically, we can compute the component group
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at the prime p. By [SS04, Proposition 3.2] we may remove from consideration all
primes in S ′ where the component group has odd order (Note that the statement
in [SS04] is for elliptic curves, but the result is valid for Jacobians of curves). In
this particular example we do not remove any further primes.
Recall from Example 2.5 that the effective degree 3 divisor of Caff given by
the places of k(Caff) over t =∞ is a representative of an even theta characteristic
of C; we call this divisor OE . The function associated to the divisor [Θ1 − OE],
with Θ1 the divisor corresponding to the places of k(Caff) over (3 : 7 : 1), is given
on the affine model (up to a square constant) by
h(t,W ) := − 484335370397555869540982096 t2 + 21745428828566997697489 t−
184765518741585604 W + 22709411000816400
(recall that Caff is defined via the blow-up of a singular plane curve). One can
apply the explicit method of Lemma 3.4 to find the required sufficiently small
constants. These are listed below.
Place − logp `p
2 33
3 21
5 21
7 21
11 5
13 5
17 1
19 5
23 9
29 1
31 5
37 1
41 1
43 5
47 1
Place − logp `p
59 1
61 1
71 1
83 1
103 1
107 1
179 5
223 1
241 1
389 1
449 5
599 5
809 5
1019 1
Lemma 3.6. Let ν ∈ S be an archimedean place, let q ∈ P1(Q), and let Q ∈
f−1(q)(Qal). Then there is a constant `ν depending only on f , ν, P0, a uniformizer
α ∈ OC,P0 , and the associated affine model of C such that
|q − p0|ν < `ν =⇒ |hi([Q− P0])− 1|w < 1
for each w a place of Q(Q) extending ν.
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Proof. The place w determines an embedding Caff(Q(Q)) ↪−→ Caff(C). On the
complex points we have that the functions
|hi| : Caff(C)→ R
are continuous and positive in a small neighbourhood U around P0. Since P0
is a totally ramified point of f it follows that the pullback of a small interval B
containing p will be contained in U . Since the embedding of P0 into Caff(C) does
not depend on w we see that U and B are independent of w as well.
We will use the result of Bilu and Gillibert, based on a result of Dvornicich
and Zannier [DZ94] and Hilbert’s Irreducibility Theorem, to ensure that there
are infinitely many non-isomorphic cubic number fields in the family we have
constructed. Here, we have specialized the statement of [BG16, Theorem 3.1]
to the particular case where the number field in question is Q. We follow the
terminology of [BG16].
Definition 3.7. We call0 ⊆ Q a basic thin subset ofQ if there exists a smooth ge-
ometrically irreducible curve C defined over Q and a non-constant rational func-
tion u ∈ K(C) of degree at least 2 such that 0 ⊆ u(C(Q)). A thin subset of Q is
a union of finitely many basic thin subsets.
Remark 3.8. Let f : C → P1Q be a morphism of degree d greater than 1. The
set of α ∈ Q such that Q(Pt) is not a number field of degree d over Q, where
Pt = f
−1(α : 1), is a thin subset of Q [BG16, Proposition 3.5].
Theorem 3.9 ( [BG16, Theorem 3.1] ). Let C be a curve over Q and let t : C →
P1 be a non-constant morphism with deg t > 1. Let S be a finite set of places
of Q possibly containing the place at infinity. Further, let 0 <  ≤ 1/2 and let
0 be a thin subset of Q. Then there exist positive numbers c = c(Q, C, t, S, )
and B0 = B0(Q, C, t, S, ,0) such that for every B ≥ B0 the following holds.
Consider the points P ∈ C(Qal) satisfying
t(P ) ∈ Q\0,
|t(P )|ν <  (ν ∈ S),
H(t(P )) ≤ B.
Then among the number fieldsQ(P ), where P satisfies the conditions above, there
are at least cB/ logB distinct fields of degree d over Q.
13
Corollary 3.10. Let C be the curve from Example 3.5, let f : C → P1k be the
trigonal morphism from Example 2.5, and S the set of places from Example 3.5
together with the archimedean place. By Lemma 3.4 and Lemma 3.6 choose con-
stants `ν for each ν ∈ S. Let  = min{{`ν : ν ∈ S}, 1/2}.
Let T := {t1, . . . , tr} enumerate the points of A1(Q) of height less than B
which satisfy |ti|ν <  for each ν ∈ S, and let Pti := f−1(ti) be the corresponding
fibres. Then aside from a thin set of exceptions, we have that Q(Pti) is a cubic
extension of Q with rk2 Cl(Q(Pti))[2] ≥ 8. Moreover, letting η(B) be the number
of isomorphism classes of number fields in the set {Q(Pt) : t ∈ T}, we have that
η(B) B
logB
.
Proof. Let X := [2]−1C be the (irreducible) unramified degree 28 cover of C
obtained from pulling back C along [2] in JC . By applying Remark 3.8 to the
composition g : X
[2]−→ C f−→ P1 we see, aside from a thin set of exceptions 0,
thatQ(g−1(t)) is a degree 28 ·3 extension ofQ. In particularQ(Pt) := Q(f−1(t))
is a cubic extension of Q and Q([2]−1(Pt))/Q(Pt) is a degree 28 field exten-
sion. Additionally, the number of isomorphism classes of cubic number fields
in {Q(Pt) : t ∈ T} is an immediate consequence of Theorem 3.9.
For the remainder of the argument fix such a t ∈ T and denote [2]−1Pt :=
SpecK. By Proposition 3.2 we see that the extension K/Q(Pt) is unramified
outside of places lying above those in S. Moreover, K/Q(Pt) is Galois with
Galois group (Z/2)8 by Lemma 3.1.
By Lemma 3.4 we have chosen `ν for each finite ν ∈ S such that whenever
|t− p0|ν < `ν we have
|hi([Pt − P0])− 1|w < 1
for every place ofQ(Pt) over ν. But ordw hi([Pt−P0]) = 0, so by Proposition 3.3
we conclude that K/Q(Pt) is unramified at every finite place of Q(Pt). To ensure
that these extensions are unramified at the archimedean places we apply Lemma
3.6. By class field theory we conclude that rk2 Cl(Q(Pt))[2] ≥ 8.
Remark 3.11. We see that we obtain an improvement of the bound presented in
[GL12]. The quantity rkO∗Q(P ),S−#S which occurs in their estimate is minimized
at
[
deg f−1
2
]
= 1, giving a lower bound of 7 for the 2-rank of the class groups in a
family.
14
4 Families of Galois cubic fields from genus 4 curves
In Section 3 we obtained families of cubic number fields whose class groups have
high 2-rank from genus 4 curves which were not geometrically special aside from
the fact that they are uniquely trigonal [Vak01]. It is natural to ask if we could
modify our construction to create families of special cubic number fields that have
class groups with large 2-rank.
For instance, it might be possible to produce many rational 2-torsion classes
on a curve with an affine plane model of the form w3 = f(t), thereby giving rise
to a family of cubic number fields that become Galois after joining a primitive
third root of unity and have a class group with large 2-rank. In this section, we
prove Proposition 4.2, which shows that it is impossible to find genus 4 curves
which are a µ3-branched cover of P1 with fully rational 2-torsion.
Definition 4.1. We say that a curve C is a µ3-branched cover of P1Q if there exists
a (possibly singular) affine plane model for C of the form w3 = f(t) with f(t)
non-constant. In general, we say that a morphism of curves pi : C → B defined
over Q is a µ3-branched cover if there is a non-constant f(t) ∈ Q(B) such that
Q(C) = (pi∗Q(B))( 3
√
f).
Proposition 4.2. Let C/Q be a µ3-branched cover of P1Q of genus 4. Then
rk2 JC [2](Q) ≤ 6.
Notice that for curves satisfying the hypotheses of Proposition 4.2 that Galois
acts both on the [2]-torsion of C and on Aut(C/P1Q) ∼= µ3. In order to prove the
proposition we need to assemble all of these group actions together in a nice way.
Lemma 4.3. Let pi : C → B be a µ3-branched covering of curves defined over
Q. Let ρ : GQ → Sp(2g(C), 2) be the representation of Galois arising from the
action of GQ on JC [2] and define the action of τ ∈ GQ on g ∈ Sp(2g(C), 2) by
τg := ρ(τ)gρ(τ)−1.
Then the representation ψ : Aut(C/B) → Sp(2g(C), 2) corresponding to the
action of Aut(C/B) on divisor classes commutes with the action by Galois. i.e
ψ(τσ) = ρ(τ)ψ(σ)ρ(τ)−1
for all τ ∈ GQ and σ ∈ Aut(C/B).
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Proof. Since pi is a µ3-branched cover defined over Q, there is an f ∈ Q(B) such
thatQ(C) = Q(B)( 3
√
f) and such that for some σ generating Aut(C/B) we have
that σ∗ acts on 3
√
f by multiplication by ζ3. Let Γ ⊆ P1 × B be the possibly
singular model of C given by the image of
φ : P 7→ ( 3
√
f(P ), pi(P )).
Conveniently, σ is explicitly described on points of Γ as σ : (w, t) 7→ (ζ3w, t).
We see that (τσ)P = (τστ−1)P for every Qal-point P of Γ, so τσ and τστ−1
have the same action on the divisors of Γ. Let ∆ be the singular locus of Γ.
By [HS00, Lemma A.2.3.1] every divisor on C is linearly equivalent to a divisor
D′ =
∑
P∈C(Qal) nPP such that nP = 0 for each P ∈ φ−1(∆)(Qal).
Thus the actions determined by τσ and τστ−1 are equal on divisor classes ofC.
(This is true despite the fact that in general, (PicC)GQ 6= Div(C)(Q)/Princ(C)).
Lemma 4.4. Let pi : C → B be a µ3-branched cover of curves defined over Q
with g(C) > 1. Then
(i) rk2 JC [2](Q) < 2g(C).
(ii) If in addition B has genus 0, then rk2 JC [2](Q) ≤ log2 22g(C)+23 .
Proof. (i) Let σ be a non-trivial element of Aut(C/B) and let D ∈ JC [2](Q).
Note that the image of pi∗ : JB[2] → JC [2] consists of exactly the 2-torsion
classes fixed by σ. Indeed if D is σ-stable then
D = [3]D = D + σD + σ2D ∈ pi∗(JB).
Since the genus of C is greater than 1, we have that g(B) < g(C) and hence
that pi∗ is not surjective. Thus we either have rk2 JC [2](Q) < 2g(C) or we
can find a D ∈ JC [2](Q) which is not σ-invariant. But now
ρ(τ)σ(D) = ρ(τ)σρ(τ)−1(D) = τσ(D) = σ−1(D) 6= σ(D)
so JC [2] is not fully rational.
(ii) Let D be a non-trivial 2-torsion class of JC [2]. We see from the calculation
in part (i) that if B = P1Q then D cannot be fixed by σ. Since D is not σ-
stable it follows by the argument in part (i) that at most one of D, σD, σ2D
is rational. The quantity 2
2g(C)+2
3
is the number of 〈σ〉-orbits in JC [2].
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Proposition 4.2 follows immediately from Lemma 4.4. We note that it is pos-
sible to construct a genus 4 curveC which is a µ3-branched cover of another curve
B and has rk2 JC [2](Q) = 6 using del Pezzo surfaces. The eight points
(0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1), (1 : ζ3 : ζ
2
3 ),
(1 : ζ23 : ζ3), (3 : 4 : 5), (3 : 4ζ3 : 5ζ
2
3 ), (3 : 4ζ
2
3 : 5ζ3)
are in general position, invariant under a linear µ3 automorphism of P2, and have
six distinct Galois orbits. Consequently, the associated genus 4 curve C has µ3 ⊆
AutQal(C) and rk2 JC [2](Q) = 6. However, C/µ3 is not isomorphic to P1. We
have yet to find an example of a µ3-branched cover of P1Q of genus 4 whose 2-rank
is 6.
Question 4.5. Is there a µ3-branched cover of P1Q of genus four C defined over Q
with rk2 JC [2](Q) equal to 6?
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